AIAA JOURNAL }
Vol. 32, No. 8, August 1994

New ngher Order Plate Theory in Modellng Delamlnatlon
Bucklmg of Composrte Lammates

Aditi Chattopadhyay* and Haozhong Gut
Arizona State Umvers:ty, Tempe Arzzona 85287

A new higher order plate theory for modeling delamination buckling and postbuckling of composite laminates
is developed. Delaminations between layers of compdsite plates are modeled by jump discontinuity conditions, in
both lower and higher order terms of displacements, at the delaminated interfaces. Some higher order terms are
identified at the beginning of the formulation by using the conditions that shear stresses vanish at all free surfaces
including the delaminated interfaces. Therefore, all boundary conditions for displacements and stresses are satis-
fied in the present theory. Geometric nonlinearity is included in computing layer buckling. ‘The general govern-
ing equations, along with all boundary and continuity condltlons of plates, are derived for predicting the delami-
nation buckling and postbuckling behavior. The associated delamination growth problem is also examined by the
use of Griffith-type fracture criterion. A numerical example is presented to validate the theory. The results are

. also compared with experimentally obtained data.

Nomenclature
E;,Er =elastic moduli of lamina in longitudinal and transvetse
_ directions, respectively
G = normalized energy release rate

GLT, Gyt = shear moduli in the plane, perpendicular and parallel
to long1tud1nal direction of lamina, respectively

G(B) = §train energy. release rate

H(h)) = step function .

h = plat¢ thickness

hy = d1stance from plate m1d-plane to delamination inter-
face ;

L = plate length.

N = number.of the order used to evaluate the transverse

® shear effect - -

N = stress resultants, i = 1,2, ..., 6;j=1, 2,...N;k=0,1,2

ny,ny  =components of hormal vector of plate boundary

P = normalized axial compressive load ‘

)4 = inplane compressive load distribution :

D = nondimensional critical load, (normalized with respect

_ to solution from classical lamination theory)

Q,’j = stiffness components of lamina, i, j=1,2,...,6

= strain energy
U,,, Vii» W; = jth order dlsplacement functions, i=0,1,2;j=1,2,
LN

Ui = drsplacement components, i=1,2, 3

W, = normalized midpoint deflection of bottom layer

W, = normalized midpoint deflection of upper layer

o = thickness parameter of delammatron layer, 2h1/h

BL = delamination length -

I's = plate boundary in whlch the compresswe load is .
applied L Lo

g = boundary of plate :

To, = interfaces between delamination region and nondelam-
ination region

€ = strain components, i=1,2,...,6

Vi Vo = Poisson’s ratio in longrtudlnal and transverse direc-
tions, respectively

€, §»n; = functions of coordinate variable z,i = 1,2, ..., N-1;
Jj=12,...,2N-2
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IT = total potential energy

G; = stress components, i=1,2,...,6

@i Vi = identified functions of dlsplacements, i=0,1,2;m=
N-1,N

= region of whole plate

= delamination region of plate

Q,
Q

Introduction .

JITH the i 1ncreas1ng use.of comp051te materials, problems of

delamination have received wide attention in recent years.
Delaminations: develop as'a reésult of imperfections in production
technology or dlSCODtlmlOUS interlaminar stresses during the oper-
ational ‘life. The presérice of delaminations may allow laminate
failure initiated by delatiination buckling and thus greatly reduce
the load-carrying capacity of the laminates.

A large number of recent studies have analytically investigated
the 'delamination. buckling phenomenon for both a one-dimen-
sional,  through-the-width, ‘and a two-dimensional, embedded
delamination. In an early:study Chai et al.! and Chai and Babcock?
analyzed the behavior of an interlayer crack close to the surface in
a thick compressed substrate. Whitcomb® used a finite element
method to compute the crack closure integral. In the so-called thin
film analysis, postbuckling of cracked laminates was determined

and eventual crack growth predicted based on a Griffith criterion.
In this spirit Sallam and Simitses* extended the work to truly lami-
nated configurations and discussed the effect of coupling between
bending and stretching on delamination growth.

/For the work just mentioned; the ceffects of transverse shear on
delammatlon buckling and growth are ‘seldom considered. How-
ever, the effects of transverse shearing stresses are important for
composite laminates because, in composite fiber-reinforced mate-
rials, the mterlammar shear moduli are usually much smaller than
the inplane Young’s' moduli. For a laminated plate subjected to
bendmg loads the solutions based on classical lamination theory
showed significant departures from the exact elasticity solutions
for the cases with low ratios of iriplane dimensions to thickness.
As aresult, it is necessary to use a shear deformation theory to deal
with the problem for a moderately thick plate. Recently, Kardo-
mateas and Schmueser® performed some studies about the effects
of transverse shearing forces on the buckling of delaminated com-
posites under compressive loads. Their studies were based on the
classical engineering solutions of beam columns with linear trans-
verse shear correction terms added to account for shear effects.
Chen’ used a variational energy pririciple approach to formulate a
similar problem. The latter work is more general and more system-
atic in formulation.
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A more general theory for the modeling of delamination in com-
posite laminates, based on a layer-wise displacement field, was
presented by Barbero and Reddy.8 They suggested that the same
displacement distributions in an individual layer are capable of
representing displacement discontinuity conditions at interfaces
between layers. The study demonstrated that the layer-wise lami-
nate theory provides an adequate framework for the delamination
analysis of laminated composites. It must be noted, however, that
the computational cost of the analysis makes it unattractive for the
prediction of delamination buckling behavior in engineering prac-
tice when the number of layers is large.

In studying composite delamination, it is important to have a
more effective general theory for accurately evaluating the trans-
verse shear effects. It has long been recognized that higher order
plate theory provides an effective solution tool for accurately pre-
dicting the deformation behavior of composite laminates subjected
to bending loads. However, no research has been reported in which
an attempt has been made to extend the higher order theory to
model the problem of delamination. The difficulty in such a for-
mulation is obvious. It is difficult to provide the consistent dis-
placement field which satisfies the transverse shear stress bound-
ary conditions at all free surfaces including the debonding
intersurfaces in delamination regions.

To address this issue, a new higher order plate theory is pro-
posed for modeling the delamination problem. The displacement
field of regular higher order theory’ is modified and used. An ap-
propriate kinematic description which allows for separation and
slipping is required to model the delamination in laminated com-
posite plates.® In this paper, both the lower and the higher order
terms are employed to describe the separation and slipping for the
delamination layer and the substrate. To satisfy all of the trans-
verse shear stress boundary conditions, some higher order shear
correction terms are eliminated to meet the specific need for a
delamination-type problem. All of these considerations make the
displacement description presented here appropriate for predicting
all possible instability modes associated with delamination buck-
ling. The proposed theory can be applied to both one-dimensional,
through-the-width, and two-dimensional, embedded delaminations
which are entirely separated from each other after buckling. Nu-
merical results are presented and are compared to experimentally
obtained data and existing solutions .

New Higher Order Laminate Plate
Theory for Delamination

Displacement, Strain, and Stress

Consider the general inplane loading of a laminate plate con-
taining an arbitrary shape of delamination (Fig. 1). To describe all
possible kinematical behavior of the delamination buckling of a
laminate plate, the following displacement field is used through
the thickness of the plate:

N
 (5,y,2) = 3.7 {Uq; (%) + [1=H (h)1U,;(x,)

i=0

+H (h) Uy, (x, )}
0
N .
Uy (%,y,2) = 3 2 {Ug; (6 3) + [1=H(h)1V,; (%)

j=0
FH(h)V,, ()}
uy(x%, y,2) = Wo(x, )+ (1= H(h)IW (x, y) + H(h)W,(x, )

where (Uyg, Vo, Wo) are the displacements of a point (x, y) on the
midplane, (Uoj, Voj; j=1,2, ..., N) are the jth order transverse
shear correction terms, and H(h;) is the Heaviside step function
described as

1 z=h,

H(h) =H(z-h) = {0 2

z<h,

The jumps in displacements between the sublaminate layer and the
buckling layer are given by (Uy;, V) and (Uy;, V5, j=0,1, ..., N,
respectively. Note that the terms related to the delamination (U;;,
Vi i=1,2, only exist in the delamination region Q,;. The use of
the step function H(k,) allows the kinematic description for sepa-
ration and slipping due to the independence of the displacements,
shown in Eq. (1), on adjacent layers at the delamination interface.

Considering the fact that the rotations and the displacements are
not expected to be so large as to require a full nonlinear analysis,
the von Kdrmdn-type of nonlinearity in the kinematic equation is
used here.

ou; 1 duy\?
i S
du, 1(0us\?
82'—'822:'3_),""'2‘ N
du, Jdu,

g, = 28, = §Z—+—a; 3)
du, OJu,
85:2813=§E+_87

86:2812:’% Ju, 81@%

dy +§+§ dy

The equations relating the stresses to the strains for the kth layer
in a laminate coordinate (x, y, z) are expressed as follows:

o, 0110 0 0 Oy |g
o, 0102 0 0 O |8
0 0 QuQs 0] |8 Q)
Os 0 o é45 éss 0 €5

Ol _éw Ox 0 0 éss_k_e(’_k

where the quantities Q;; are calculated in terms of the orthotropic
stiffness, Q;;, through the usual transformation techniques. The
orthotropic stiffnesses expressed in terms of the engineering con-
stants, E;, V;, and G;; (i, j = 1, 2) can be found in Ref. 9.

Refined Displacement Field

It must be noted that the expression for displacement, as stated
in Eq. (1), does not satisfy the transverse shear stress-free bound-
ary conditions. These stress-free boundary conditions in delamina-
tion problems require that the transverse shear stresses 6, and G
vanish on the plate top and bottom surfaces and on the debonding
surfaces in the delamination region. That is,

o,(x,y,xh/2) =0,

Os(x,y,£h/2) =0 (x,y) e Q

5)
*
G, (%, h1) =0

+
64 (x,y, hl) = 0’ (X,J’) € Qd

z i

delaminated

X h buckling layer hy

yA

'{ A % <
P 1 élnminalion K P

Fig.1 Geometry of plate with delamination.
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in which the superscripts “+” and “—” denote the quantities related
to the buckling layer and sublaminate layer, respectively. For
orthotropic plates, the conditions are equivalent to the requirement
that the corresponding strains be zero on these surfaces. Therefore,

€, (x,y,th/2) = 0,

es(x,y,th/2) =0 (x,y) € Q

©)
el (xy,h) =0

+
e4 (x’ Y, h]) = 0’ (x’ )’) € Qd

Applying these stress-free boundary conditions to Eq. (2), and
using the displacement expression (1), some higher order terms
can be identified in terms of lower order terms as follows.

U, (x,y) = D, (X, 3 Ukj’ Wo

Vim (JC, y) = ‘Vim (x’ Yy Ukj, Wk)
¢))

i=01,2, j=1,2,...,N-2; m=N-1,N
k=0,ifi =0, k=0,iifi#0
Using the preceding expression, the refined displacement field,

which satisfies all of the boundary conditions, can be defined as
follows.

N-2

u (%,5,2) = I & (@D Ug; (%) +Ey_ (W, (%)
i=0
N=-2
+ [1-H (k)] {2 [§(2) Uy (2, 9) + 8,4 (2) Uy (£, )]
j=0

+Ly_1(2) W (6y)+ Can_1(2) Wi (%) }

N-2

+H (h) {Z ;@ Uy (% y) +M;, 5 (2) Uy (5, )]

j=0

+My_,(2) W, , (%,¥) + Ny (2) Wo,x(xr » }

@
N
1, (%,5,2) = 3 EVo;(x6y) +&_ (D)W, (%)
j=0
N-2
+ [1-H (k)] {Z (8 V() +8;,x (D) Vo; (x, 0]
ji=0

+ oy (@D W, (6 3) + 8oy, (D) W, (1,7) }

N-2

+H(h1) {Z [1’|j(Z) V2j(xa y) +T|j+N(Z) Voj(xy)’)]

j=0

+Ny_(2) Wz,y (5 y) + My (2) Wo,y(x")’) }

us(x, y,z) = Wo(x, y) + [1 - H(h)]Wy(x, y) + H(h)W(x, y)

In the present paper, N = 4 is used to formulate the displacement
field. The specific form of the higher order terms (U,,, V;,,) are de-
rived in Appendix A.

Virtual Work and Governing Equations
Consider a plate that is subject to an inplane compressive load
distribution, p, at the midplane in the direction normal to the

boundary of the plate (Fig. 1). The minimum total potential energy
principle is used to derive the governing equations and associated
boundary conditions. The minimum total potential energy princi-
ple states that the variation of the total potential energy is equal to
zero, that is,

h/2

8II = j J' o8¢, dz dQ - J.p(nXSUOO+ny8Vm) dr = 0 (9)
Q-2 r,

Equation (8) can be rewritten based on two integral regions, the

nondelamination region Q—Q, and the delamination region Q, as

follows.

h/2 I
1 1
[ [oP8e® dzae+ [| [ o"e ez
0, k2 Q, L-nr2

h/2
+ [ oe® dz| 4Q- [ p (08U +n,8Vgg) dT = 0 (10)
T,

hy <

where the superscript O denotes the quantities related to only the
nondelamination variables (Uy, Vy;, Wp) in the displacement ex-
pression [Eq. (1)], and superscripts 1 and 2 denote the quantities
related to the variables (Uoj, VOj’ Wo, Ulj’ Vlj’ Wl) and (UOj’ VOj’ Wo,
Uy;, Vajs W), Tespectively.

From the virtual work statement [Eq. (10)], the governing equa-
tions, the associated boundary conditions, and the continuity con-
ditions are derived (see Appendix B) by using the refined displace-
ment expressions, which are obtained by combining Eq. (Al)
(Appendix A) and Eq. (1).

Delamination Growth

The deformation field obtained from the proposed theory is used
to compute the strain energy release rate along the boundary of the
delamination. It is assumed in the present work that the delamina-
tion growth will take place in its own plane and is governed by
Griffith fracture criterion.

The virtual work extension method postulates that the strain en-
ergy release rate, G(s), can be computed from the strain energy U
and the crack area A (Fig. 2) as follows

G(s) = % a1)

where the relative strain energy is given by

hl
U= J l I (ci(l) e,.“)—oi(o)ei(o)) dz
~h/2

h/2
+ J' 62?60 dz} aQ (12)

i

Final delamination zone

Initial delamination zone

Fig.2 Definition of delamination growth.
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For the plate of unit width with only a one-dimensional,
through-the-width delamination, Eq. (11) can be simplified to

G(s) = (13)

L dap
in which BL is the representative crack length.

Numerical Results and Discussion
An example of a plate with clamped ends and a midplane
delamination'® under axial compression is presented to validate
the proposed theory. The plate has a nominal length L of 3 in. and
a thickness £ of 0.22 in. The material used in this example is a ran-
dom short-fiber SMC-R50 composite whose properties are as fol-
lows.

E, = 1.58x10°psi E, = 1.1x10°psi G,, = 0.36x 10° psi

v = 022 Vo = 031
30
m Present theory

25] o2 e Experiment
.;w:
< 20
3
3
3
-8 154
B
®)

10

5 T 1

T
0 0.5 1 1.5
Half Length of Delamination (in)
Fig. 3 Comparison of solutions from present theory and experimen-

tal resuits on critical load of an SMC-R50 composite with a midplane
delamination (L = 3 in., 2 = 0.22 in.).

1 P 2
0.8
0.6
e W Classical th
0.4 assical theory
® Present theory
0.2
0 ] T T T 1
0 20 40 60 80 100
a) L/
e W a —= - |
0.8
0.6+
1= B Classical theory
0.4
@ Present theory
0.2
0 T 1 1 L 1
b) 0 20 40 60 80 100

Lh

Fig.4 Effect of transverse shear on the critical load, o = 0.6.

o~}
g+ ]
g @

0=

Mixed

Fig. 5 Buckling modes for a delaminated composite.

1 - ' -
0.8
0.6 W classical theory
e ® Kevlar-epoxy
0.4 -
A Graphite-epoxy
0.2
0 T T T T 1
0 20 40 60 80 100

L/

Fig. 6 Comparison of transverse shear effect with variations in mate-
rial properties, = 0.25 and o. = 0.8.

1 8—8

B Classical theory
0.8

® Present theory

1 i i ] 1
0 0.2 04 0.6 0.8 1

Fig.7 Effect of transverse shear on critical load, L/A = 10 and o = 0.6.

where E, G, and v represent, respectively, the Young’s modulus,
the shear modulus, and the Poisson’s ratio of the material. The su-
perscripts L and T denote longitudinal and transverse direction, re-
spectively. The numerical results of variation of critical load with
delamination length, obtained using the present theory, are com-
pared with those obtained from experiments as shown in Fig. 3.
The circled data points indicate the experimental data given in Ref.
10. The analytical results show excellent agreement with the ex-
perimental data over the entire range of delamination. Because the
composite plate used in this example is thick (L/h = 13.6), it is ex-
pected that the present theory will enable the evaluation of trans-
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b) P

012 014 016 0.8

Fig. 8 Midpoint deflections of upper and lower sublaminates, L/h
=10 and o = 0.6.

verse shear effects accurately and therefore predict delamination
buckling behavior realistically.

Next, analysis is performed for a clamped symmetric cross-ply
plate, with pre-existing one-dimensional, through-the-width
delamination. The plate is subjected to an uniform inplane com-
pressive load along the x direction (Fig. 1). The material used is
graphite/epoxy. The engineering constants, typical of this material,
are as follows,
E /E. =40, G,;/E; =05, v =025 G;/G=1
Results for the critical loads are obtained for laminates with a [0
deg/90 deg/0 deg],, stacking sequence. The critical load distribu-
tion, p, is plotted over a range of the length-to-thickness ratio, L/h,
in Fig. 4a for B = 0.5 and in Fig. 4b for § = 0.2. These results are
also compared with those values obtained in Ref. 4. It is shown
that the critical load computed form the classical laminate theory
deviates substantially from those derived using the proposed the-
ory, particularly for cases involving lower length-to-thickness (L/
h) ratios. Even at a L/h ratio of 20, at which the classical laminate
theory is generally regarded to be accurate for isotropic materials,
a deviation of 18% is observed in the value of the critical load. The
extent of deviation is also affected by the buckling mode of the
delaminated plate. It is clear from Fig. 4 that the transverse shear
effect is larger in the case of B = 0.2. This can be explained as fol-
lows. In the B = 0.2 case, buckling begins with a mixed mode
(combined local and global, see Fig. 5), whereas in the B = 0.5
case, local buckling is dominant. This observation is similar to that
reported by Kardomateas and Schmueser in Ref. 6.

Some parametric studies are performed to investigate the effect
of material properties. Figure 6 shows a comparison of the present
theory with the classical laminate theory for two different materi-
als, graphite-epoxy and Kevlar-epoxy. The engineering constants
for Kevlar-epoxy are as follows.

E,/E; = 156, Gy p/Ep = 056, v,; =035, Gp/Gpp=1

0.45 =
04
0.35
0.3
025

" 02
0.15
0.1
0.05

0 T T
0.001 0.01 0.1 1 10
G

Fig. 9 Variation of energy release rate with compressive axial load,
L/h =10 and ¢ = 0.6.

As seen from Fig. 6, the larger deviation of results, from the classi-
cal laminate theory, occurs for graphite-epoxy with a higher ten-
sile-to-transverse modulus ratio (E;/E7) and a higher transverse-
to-shear modulus ratio (Er/G;7), which is expected. Because these
two ratios are generally large for most composite materials, it ap-
pears that the transverse shear effect becomes a very significant
factor in assessing the delamination buckling behavior of lami-
nates.

A comparison of the shear effect on the normalized critical load,
P, with changes in the magnitude of the delamination length pa-
rameter, B, is presented in Fig. 7. The delamination is positioned
symmetrically, in the axial direction. It is seen that the transverse
shear effect becomes smaller as the delamination length increases.
This can be explained as follows. For short delamination lengths,
global buckling is dominant, whereas for relatively longer lengths,
local buckling of the delaminated layer occurs first. This phenome-
non is also true for the results that include the transverse shear ef-
fect.

Figure 8 illustrates the normalized midpoint deflections of both
upper and lower sublaminates, W; and W, for a wide range of
normalized axial compressive loads P. Note that W, = (W, + Wy)/
h, Wy = (Wo+ Wy)h and P = 3(1-v vy )pLYm%E 13, The delami-
nation parameters used are L/k = 10 and a = 0.6, where o = 2h;/h
(Fig. 1). It is observed that the axial compressive load can be sig-
nificantly greater than the critical buckling load. It must also be
noted that for the case of § = 0.2 (Fig. 8a), mixed buckling occurs.
Therefore, the midpoint deflections of both the upper layer and the
lower substrate obviously grow in opposite directions as the com-
pressive load increases. However, for the case of f = 0.5 (Fig. 8b),
local buckling is dominant. Therefore, in this case, the midpoint
deflection of the upper layer increases rapidly, although the mid-
point deflection of the bottom substrate is negligible over a rela-
tively wide range. The reason for these two deflections remaining
in same direction in the latter case is that the boundary conditions
considered are clamped at both ends.

The transverse shear effect is included in computing the energy
release rate. The variations of the normalized axial compressive
load P with the nondimensionalized energy release rate, given by
G = 12(1-v ;v )GL/E, I, are shown in Fig. 9. The delamination
parameters used are L/h = 10 and o = 0.6. It is clear that at the ini-
tial postbuckling range, the energy release rate increases rapidly,
but after the axial load reaches a certain value, the rate of increase
reduces. Once the energy release rate exceeds the magnitude of the
fracture toughness of the material, the delamination growth begins.
From Fig. 9, it is observed that delamination growth is more likely
to occur in the case of B = 0.2 than in the case of B = 0.5 because in
the former case a mixed buckling mode is dominant.

Conclusions
A new higher order plate theory is developed to study the
delamination buckling, postbuckling, and growth problem in com-
posite laminates. The refined displacement field proposed in this
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theory is capable of both representing displacement discontinuity
conditions at the interface of the existing delamination as well as
satisfying the transverse shear stress-free conditions at surfaces
and at the delamination interface. The buckling load and the post-
buckling solutions are governed by a set of nonlinear equations.
Numerical investigations of the transverse shear effect on critical
buckling load are performed. A numerical example is given to
allow comparisons with experimental data. A paramatric study is
also presented on the postbuckling behavior and on delamination
growth. The following important observations are made from this
study:

1) The present theory provides an alternative, adequate frame-
work for analysis of composite laminates with delaminations. Par-
ticularly, the theory is expected to obtain the accurate displace-
ment distributions with lower computational cost for engineering
practice.

2) For laminated composite plates, the transverse shear effect on
delamination buckling is significant. ‘

3) The results of proposed theory show excellent agreement
with available experimental data for the composite plate.

4) The delamination buckling mode plays important role in
delamination buckling, postbuckling, and growth problems.

It must be noted that the theory can also be used to investigate
multiple delaminations by modifying the present displacement
field.

Appendix A: Identified Higher Order Terms

For N =4, the identified higher order terms are given as follows.

4
Ug = _3_h2(U01 +Wo )

V03 = —3ihz(V01+W0,y)
Uy = “}%Uoz
Vo = ‘h%voz
U, = - 5% [(1 - 0) (Ugy + Wo ) + ha(1—0) (Upy + U)

+(1—a+a’) (Uy+W, )]

(1m0 Vg + W, )+ ha(1—0) (Voy + V)

v, = -
B 3p2g

+ (1—a+oc2) (Vyu + W, )1

(A1)
2(1-o U
U, = __(_}1—3;2_)[U01+W0’x+ha(1—_13+U02)+U“+WL;|
= 20-9F Ly L2 wy ey, 4w
Vig = ——5=5"|VautW,, +ha T Vo)t utWy,
o

4
Up = ———[(1+0) Uy + W, ) +ha(l+0) (Ug, + U},)
3
+ (1+a+ad) (Upy+W, )1
4

Vy = — o [(A+ ) (Vo + W )+ ha(l+0) (Ve + V)
o

+(L+a+o)(Vy+W, )]

2(1+) U
U24 = W[UOI—'_WO,X-Fha(l_:Za—FUOZ +U21+W2,x:|
2(1+o) v
V,, = W—[V°1+W°’y+ha(l_+%+vm +Vy + W,
with

o = 2h,/h (A2)

Appendix B: Governing Equations
The governing equations of the problem are as follows:

. ©) o _
8Ug: Ny +Neyy = 0

0

1]

. (O] 0
OVoy: Nep,+Nyp,

. 0 ()] 0) (0) ()]
Wy Ngy,+ Ny, + Ny Wo ( +2Ng W  + Ny W oy

b L N NG+ N
300 7

0) ) _
64, xy 24,yy—3(N53,x+N43,y)] =0

()] 0) (0) 4 ) ()] ()
8Up: Ny, +Ng ,—Ns —3_h2(N14,x+N64,y_3N53) =0
(B1)
) ()] (0) 4 ) 0) (V)]
8V Ngy o+ Ny =Ny —3—}12(N64,X+N24,y_3N53 )=20
(0) ()] © 2 ()] ) (V)]
dUgy: Nyj ,+ Ngy ,—2Ns, _;1‘2(N15,X+N65,y‘4N54 )=0
(0) 0 © 2 ) 0) (U]
8V Ngs  + Ny, —2N,, _h—z(Nes,x'*’st,y_4N44 )=0
(x,y) e Q-Q,
. () o _
Uy ordU;p: Ny, +Ng , =0
. ) @ _
dVgpordV,,: Ng +N, ', =0
SW SW .. () (i) G} .
a0 OW, N + Ny + Ny (Wo+W)) o,

i i 4
+2NG(Wo+ W)+ N (Wo+ W) |+ el (@)
X [Niy o+ 2Ngy o+ Nay =3 (Ng)  + N3 )]

14, xx

+ 2N6(;?Xy +ND

(@) @)
25,yy_4(N54'1,x + N4:t,y)] =0

2 i
+_§gi2(a) [Nl(S?xx
h
i i H 4 (i
dUy or 8U,;: N1(2?x+Né2),y—N5(l)“3_hzgi1 () (N 14),x
i b 2 (i 6] ®
+Né4),y—3N5(3)) —I?gil(a)(Nli),x+N65,y_4N54) =0

i i h 4 (i
8V, or 8V,: N6(2),x+N2(2?y—Nil)—3_h2gil (o) (N 64?):

i i 2 i i i
+N2(4),y—3N§3)) —;giZ(a’)(Nﬁ(S),x+N2(5),y_4N4§4)) =0
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i i 2 i
dU¢y, or 8U NI(S)x N6(3)y - 2N(') hzgm () (N 1(53;:
' i i 4 ~ i i i ‘
+ NG, ~4Ng)) ~ 582 (0 (Nfy  + Ngg ,=3Ng) = 0

i 2 i
8V, or 8V Né;)x + N2(;)y - 2N(') h28i4 (a)(N éS?x

+Njg,~ aND) - 2o (N2, +Nyo,~3NgG) =0

38

i = 1’ 29 (x’ y) € Qd (B2)
where the stress resultants N ®, are deﬁned by
7 o= —h/2, '—h/2 if k=0
NP = fod! dz, : z1 = 1h/2 z=h; ifk=1 (B3
1 Sz =h, ‘z—h/2 if k=2

z

and the function g;(@),i=1,2;j=1, ..., 4, are as follows:

_1—(>z+oc2 _l-a _1-a
8u="3 > 82T "3 83T T~

o o
1 l+a+a’ l+a

81u=8u=g 8n="73 5 =3 (B4)
o o
= ta
82 o

The boundary conditions are

Geometric Force
(0) 0)
Uk N, 'n,+Ng n,
0) 0)
Voo Ng n,+Ny'n

X

4
w, IND+ o (NG +NG -3NG +NDW,

+NOW,, )]nx+[1v§j”+—(1v‘°’
3h

0
+N3 F3NG +NGPW, +NPW, ) n,
(0) (0)
Wo Nign,+Ng'n,
Wo,, NG n +Ng'n,

© 4 (0) )
UOI (N —-3—th14 ) + (N —37N ) y

© 4 o © 4 0
Va (N _;}?Nc«; yn,+ (Np —3721\’24 yny

U, (N© _}%N«») + (N _th(m) ,

Ve, (NS ——-N(O)) + (VD ——N(o))
W W
(B5)
(x,y) € FQ
The corresponding continuity conditions are
Force:

0 1 2 _
Nn _Nn _Nu =0

0) 1) 2)
Ng —Ng' —Ng° =0

2
N;;))—N(l)—-N() =0
0) (1) 2 _
Ny =Ny =N =0

0 1 2
NP NG NG =0

® O L
Ny =Ny ~Ny =0
0 1 2 0
Ny - Nf! Nl(a)—""[N( g (NS — gy (@ N
-4 2
+3_}1'[313(a)N1(i)*823(0‘)N1(4)] =0
0 2
Ng -Ng' —Ng -5 [N‘°’ 815 (NG — g5 (NG
4
“‘57![813((1)1\]3)"823((1)1\’3)] =0
0 2 2
R R [N“” 814 (W N33 - g5 (W) N {21
4 N N®7 =
+ﬁ[g13(a) 2 — 8 (W)N,'] =
0 1 2 4 1
N1(4)—g” (G)Nf‘t) =82 (a)N1(4) *3n (81, (ct) NI(S)
-8 (WNZ1 =0

ND g, (NS - 2,4 () Néi’ [g (NS

-8, (NG = 0

N8 (NS~ go (NS + 5015 5 @) N
~gn (W) Ny ] =

Ns‘f’—N“’-N‘Z’——[N“” - (NG - g, (N
"‘— [g12(a)N54 —gzz(a)N(z)] —3_(N 1(11)W
+NSW,  +NPW, +NOW, ) =0

NG -Ny -NJ -5 [N“” 81 () Ny ~ g5 (W NZ]
+%[812(0ﬂ) N:S) ~8n (a)N‘fj)] ’3ihz(N éll)wl,x
+Ny W, + NGO W, + NP W, ) =0

Geometric:
U,.j =0, V.=0, W.=0

W,.=0, W, =0 i=12 j=012

(x,y) € Ty, (B6)
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analysis and design of composite structures, more
refined theories are now used for such structures.

This new text develops in a systematic manner the
overall concepts of the nonlinear analysis of shell
structures. The authors start with a survey of theo-
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